ABSTRACT: Ultrasonic fields can be used to manipulate particles in fluid suspensions by means of acoustic radiation forces. The physical cause of these forces is the inhomogeneity caused by the particles, resulting in wave scattering and ultimately distortion of the time-harmonic fields. Under certain assumptions, the radiation force can be deduced analytically which provides valuable understanding of the physical processes involved. However, in order to treat more complex situations, numerical solutions are needed. We describe how the Boundary Element Method (BEM) can be used to calculate radiation forces on arbitrarily shaped particles inside viscous fluids. Interactions with other particles or walls are naturally incorporated in these simulation. The details of the BEM algorithm as well as numerical parallelization approaches are discussed. A number of standard problems are solved in order to validate parts of the simulation code by comparison with either analytical solutions or a commercial Finite Element solver.
INTRODUCTION
The acoustic radiation forces can be studied using a perturbation expansion for the field variables in the governing fluid dynamic equations, Bruus (Acoustofluidics 2 and 7, 2012) . While being an approximate solution technique, this approach reveals the nature of the phenomenon as a timeaveraged second-order force effect. As long as the viscosity can be neglected, the first-order stress and velocity fields inside the fluid can be modeled by the acoustic wave equation which, for time harmonic fields, reduces to a Helmholtz equation. A solution to the latter can be found either analytically or numerically. This time-harmonic first-order solution enters the second-order timeaveraged equations as a source term and causes an ultrasonic radiation force on all objects which distort the first-order field inside the fluid. Analytical solutions for the radiation force are available for a limited number of cases, for example, a spherical, linear elastic particle with a radius much smaller than the acoustic wavelength, Bruus (Acoustofluidics 7, 2012) , elastic spherical shells in a plane standing wave, Mitri (2005) , or a circular rigid cylinder which is free to move inside the fluid, Haydock (2005) , with an extension for particle-wall interaction, Wang & Dual (Ultrasonics, 2012) . If no analytical solution is available, the radiation force can be deduced from a numerical solution of the first-order equation by a subsequent surface integration of the resulting radiation pressure, Dual et al. (Acoustofluidics 19, 2012) . This includes situations with arbitrarily shaped and structured particles, particle-wall interaction as well as particle-particle interactions.
Once the viscosity becomes relevant, the stress and velocity fields are described by more complex governing equations giving rise to a viscous boundary layer around the particle and walls. The presence of this, typically very thin layer affects the first-order fluid motion. Additionally, there are viscous terms in the second-order governing equations which contribute to the time-averaged forces on the particle, making analytical solutions very difficult. A solution exists for a spherical, linear elastic particle with a radius much smaller than the acoustic wavelength inside a Newtonian fluid, Settnes & Bruus (2012) , Wang & Dual (to be submitted in 2013) . The case of a rigid cylinder, suspended in a low-viscous fluid is treated by Wang & Dual (2011) . Similar to the inviscid case above, more complex situations require numerical solutions. There are approaches to solve the Navier-Stokes equations directly without any perturbation approach, Wang & Dual (2009 ), Dual et al. (Acoustofluidics 19, 2012 . Unfortunately, this approach leads to a multiscale problem, meaning the relevant physics spans over multiple amplitude, time and geometric scales: First, the time-averaged fields are much weaker than the time-harmonic ones. Second, the ultrasonic cycle has to be resolved while the time stepping needs to be performed over many hundred or thousand periods in order to avoid numerical noise and transient effects which are usually not relevant. Third, the scale difference between the extremely thin boundary layers and the other geometric lengths has to be accounted for by very fine meshes. For all of these reasons, the direct calculation of the time averaged forces on particles inside viscous fluids is computationally exceptionally demanding. However, employing the perturbation expansion on the fluid dynamic field variables resolves two of the problems. Specifically, the different time and amplitude scales can be avoided but different length scales still need to be resolved. Nonetheless, a numerical implementation of the perturbed viscous governing equations is still expected to be computationally more efficient than a direct time-domain solution of the Navier-Stokes equations.
BOUNDARY ELEMENT FORMULATION FOR TIME-AVERAGED FORCES
Among numerous numerical simulation techniques, the Boundary Element Method (BEM) has some attractive features for this class of problems, Gaul et al. (2003) . Due to the fact that analytic fundamental solutions are used to discretize the fields, the solutions remain smooth and wellshaped even for relatively coarse discretization. In contrast to the Finite Element Method (FEM), the secondary field variable, which is the traction vector in our case, is computed directly. The accuracy of the calculated time-averaged forces on particles benefits from the avoided imprecision of the numerical calculation of spatial gradients. Another nice property of BEM is the simple modeling of infinite domains which is especially relevant when this assumption can be used as simplification in a model or for the validation with analytical solutions. The difficult handling of nonlinear governing equations is one of the major drawbacks of BEM. However, in the following paragraph it is shown that, under some assumptions, the governing equations for the time-averaged forces on particles can be reduced to a set of linear differential equations.
Governing equations
For a more detailed discussion of the governing equations we refer to the paper of Wang & Dual (AIP Conf. Proc., 2012) . Here, we summarize the most important equations and provide details of the chosen BEM algorithm. The Navier-Stokes equations which describe the fluid motion can be expanded into a set of first-order time-harmonic and another set of second-order time-averaged equations. The time-harmonic part of the expansion can be written as,
where ω is the circular frequency ρ 1 is the time-harmonic part of the fluid density, ρ 0 is the fluid rest density, μ is the dynamic viscosity, μ B is the bulk viscosity and v 1 is the time-harmonic velocity field multiplied with a time factor e -iωt
. Assuming a linear equation of state, this set of equations can be combined into a single equation, 
with the wave speeds:
Equation (2) has the structure of the well-established time-harmonic wave equation for isotropic linear-elastic continua. From Eq. (3), it can be seen that the irrotational waves, associated with c 1 , propagate through a low-viscous fluid approximately with the speed c 0 . These waves are only slightly damped due to the dynamic and bulk viscosity, travel through the whole manipulation device, get reflected at interfaces and cause the resonances used to manipulate the particles. In comparison to the irrotational waves, the rotational waves are highly damped and propagate with a much smaller speed as represented by the large imaginary part and the small real part of c 2 . The result is a thin boundary layer motion rather than a wave. Equation (2) could further be decomposed in two Helmholtz equations but the two types of waves are mutually coupled through the boundary conditions (e.g. at particles or walls) and thus cannot be calculated independently.
We employ the assumptions introduced by Nyborg (1958) for the second-order flow equations, leading to the following linear Stokes-equation,
The Reynolds stress, R
is calculated from the first-order solution and acts as a source term. The time average is denoted by ' ... ' and v 2 , p 2 are the second-order velocity and pressure fields. Even though it is shown by Wang & Dual (to be submitted in 2013) that additional terms have to be retained in the second-order governing equations in order to capture all components of the time-averaged force accurately, we provisionally use Eq. (4) for simplicity.
BEM representation of the governing equations
There is rich literature on the solution of Eqs. (2) and (4) using BEM: Wrobel (2002), Aliabadi (2002) , Bonnet (1999), Gaul et al. (2003) . The basic boundary integral representation of Eq. (2) is
in which X denotes the collocation point on the boundary, x contains the Cartesian coordinates, U * ij is the free-space fundamental solution for the velocity and T * ij is the free-space fundamental solution for the traction, both corresponding to Eq. (2) as provided by Aliabadi (2002) . The firstorder traction is defined as 1 1 ( )
with n i being the outward pointing unit normal vector on the boundary. The integration is carried out over the domain surface S which includes all domain boundaries, whereas the second integral has to be interpreted as a Cauchy Principal Value (PV) integral for the singularity at X. If located on a smooth surface, the so-called free term c ij (X) is given by 2 ij ij c δ = due to the symmetry properties of the traction kernel. However, in the general case it may lie on an edge or a vertex. In these cases, the free term is difficult to determine as it contains a term complementing the CPV integral. Different solutions have been proposed in the literature which are nicely summarized by Guiggiani (1991). We employ the indirect approach which utilizes the similarities of the time-harmonic elastodynamic and the elastostatic traction kernels. As shown with a series expansion by Bonnet (1999), the free-space fundamental solution for the traction is strongly singular and the one for the velocity is weakly singular in the proximity of the collocation point X. Gauss integration. For weakly singular integrands we use the Lachat-Watson integration and for strongly singular integrands (CPV integrals) we employ a semi-analytic subtraction method. The regular and weakly singular volume integrals over tetrahedra are evaluated similarly. All of these integration methods are explained by Gaul et al. (2003) . The structure of our BEM code for the handling of 2-D and 3-D problems is depicted in Figure 1 . While big parts of the algorithm are custom designed for the application, we rely on libraries and commercial programs for the mesh generation, the system solving and the visualization of simulation results. Solving threedimensional problems with potentially thousands or millions of boundary elements is computationally very expensive. For this reason, it is imperative to parallelize the computationally intensive parts of the algorithm, specifically the assembly of the linear system equations and the solving procedure. To date, the algorithm is implemented in a MATLAB ® version serving as a prototype for simplified development and debugging. The final implementation will be done in C++ with the Message Passing Interface (MPI) for the parallelization.
VALIDATION
A verification of the numerical implementation has been carried out on the basis of several examples with known solutions. In particular, a number of scalar potential problems, e.g. the Poisson equation and the Helmholtz equation have been simulated on different 2-D and 3-D geometries with several boundary conditions. Excellent agreement with the known analytic solutions and commercial FEM results has been found. Further testing was done solving the Stokes equations as stated in Eq. (6). As compared to the earlier examples, the code needs to work on vector instead of scalar fields. An analytic solution exists for the flow around a spherical particle with radius a which is moving with a constant velocity v p through a viscous fluid, Landau & Lifshitz (1993) . This yields the resulting drag-force on the particle as 
validated so far because the strongly singular integration which only vanishes in Eq. (6) as stated by Wrobel (2002) , is yet to be implemented. After this step, the whole two-step analysis of the time-averaged forces on particles can be validated with the known solutions, mentioned above.
CONCLUSION
A literature review has been conducted for the calculation of the time-averaged forces, acting on particles in viscous and inviscid fluids. A problem-specific BEM solution approach has been presented, whereas details about the chosen algorithms and their implementation have been compiled. With the exception of the strongly singular integration, the implementation for the handling of 2-D and 3-D problems has been successfully validated based on a number of sample simulations. Once the implementation is finished, we plan for more validations based on known solutions of the time-averaged acoustic forces. Further work will focus on the performance of the code for large 3-D simulations. A parallel C++ implementation will be prepared and the potential of alternative BEM formulations will be assessed.
